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APPLICATION OF MEAN CURVATURE FLOW FOR
SURFACE PARAMETRIZATIONS
KA WAI WONG
Abstract. This is an expository article describing the conformalized
mean curvature flow, originally introduced by Kazhdan, Solomon, and
Ben-Chen. We are interested in applying mean curvature flow to surface
parametrizations. We discuss our own implementation of their algorithm
and some limitations.
1. Introduction
We would like to apply extrinsic geometric flows on the parametrization of
a closed genus-zero suface to obtain a conformal map from the surface onto a
unit sphere. Conformal parametrizations have been widely studied in shape
analysis and have found applications in anthropology, neurobiology, and im-
age processing. Given a closed surface of genus zero, the uniformization
theorem guarantees the existence of a conformal map from this surface onto
a unit sphere, but such a map is not necessarily unique. In practice, surfaces
are represented and visualized by discrete meshes in real-world applications
for the sake of computation. As a result, different notions of discrete con-
formality between surfaces and their corresponding discrete conformal maps
have been introduced and studied.
We provide an overview on different methods in conformal parametriza-
tion of two-dimensional surfaces in recent years.
(i) A method introduced by Bobenko, Pinkall, Schro¨der, and Spring-
born is to flatten a mesh onto a plane by minimizing a convex en-
ergy functional. Their energy functional describes a precise notion
of discrete conformal equivalence that captures the conformal equiv-
alence of surfaces in the continuous case [4], [12]. However, if the
input mesh has a region full of “flat” triangles, i.e. triangles with
one angle close to pi, the triangle inequality might fail during the
energy minimization, then the output set of edge lengths cannot be
embedded in R3. Edge flipping or subdivision of triangles can be
used to fix this problem.
Key words and phrases. Conformalized Mean Curvature Flow, Discrete Conformal
Map, Conformal Parametrization, Shape Analysis.
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(ii) A method introduced by Chow, Luo, and Gu is to use Ricci flow
to evolve a genus-zero surface to a sphere [5], [8], [13]. More pre-
cisely, their idea is to distribute evenly the total curvature (4pi by
Gauss-Bonnet Theorem) over the discretized surface through assign-
ing a discrete conformal factor on each vertex. These factors can be
obtained by minimizing another convex energy functional which is
different from the energy functional in (i).
(iii) A method introduced by Aigerman and Lipman is to generalize
Tutte’s embedding to a bijective map from a given surface onto
an Euclidean orbifold by solving a sparse linear system [1], [2], [3].
Their subsequent work extended this bijective parametrization onto
spherical and hyperbolic cone-surfaces. Their algorithm uses a large
set of landmark points on the given surface and the corresponding
parametrization domain as input.
Methods (i) and (ii) are derived from Ricci flow which is an intrinsic flow
but with different notions for discrete conformal equivalence of surfaces.
In this article, we are interested in the conformalized mean curvature flow
(cMCF), originally introduced by Kazhdan, Solomon, and Ben-Chen [10]. In
the following, we will briefly describe the algorithm they have developed, as
well as our own implementation of this algorithm. Our interest in this article
is to illustrate its applications as well as highlight some of its limitation.
2. Conformalized Mean Curvature Flow
In this section, we present the cMCF as it was introduced in [10].
We start with a finite element discretization of the mean curvature flow
(MCF) on a 2 dimensional surface M . Let Φt : M → R3 be a smooth family
of immersions with time t ≥ 0 and the induced metric gt at time t. MCF is
∂Φt
∂t
= ∆gtΦt = 2HtNˆt(1)
whereHt(p) is the scalar mean curvature and Nˆt(p) is the inward unit surface
normal. We approximate Φt by
∑N
i=1 xi(t)Bi(p) with a finite set of function
basis Bi : M → R for 1 ≤ i ≤ n and a set of coefficient vectors denoted by
~X(t) = {x1(t), · · · , xN (t)} ⊂ R3. Using the weak formulation and applying
backward Euler method to discretize the time derivative of ~X(t), we solve
for ~X(t+ τ) in x, y, z− directions in the following linear system
(Dt − τLt) ~X(t+ τ) = Dt ~X(t)(2)
The mass matrix entries Dtij =
∫
M Bi ·Bj dAt are the inner products of the
basis on M and the stiffness matrix entries Ltij = −
∫
M gt(∇tBi,∇tBj)dAt
are the inner products of the basis gradients on M . dAt denotes the volume
form on M at time t. We use the hat basis in practice. Formulas for the
mass and stiffness matrices using the hat basis can be found in [10].
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MCF cannot always provide a spherical parametrization since a singularity
sometimes emerges. Below is the mesh “spot” with 2, 930 vertices and 5, 856
faces. Surface area is kept constant at every step, with step size τ = 0.05.
The spot’s head evolves into a spike where singularity forms and the flow
stops within 4 steps due to the formation of the spike.
The main idea of cMCF is to replace the metric gt with a metric g˜t =√|gt||g0|−1g0 that is conformal to the initial metric g0. The flow becomes
∂Φt
∂t
=
√
|g0||gt|−1∆g0Φt(3)
(Dt − τL0) ~X(t+ τ) = Dt ~X(t)(4)
While the mass matrixDt is updated at every step, we use the initial stiffness
matrix L0 and do not update it.
3. Implementation
We programmed in C++ with an open source library OpenMesh [11]. Snap-
shots were taken using the software MeshLab. Our implementation does not
deviate from the original algorithm as it was introduced in [10]. Kazhdan
has made his source code for the cMCF available at [9].
We decided to have our implementation as part of a larger software platform
which is to assess the efficiency and limitations of different parametrization
methods. The platform is still under construction and is our ongoing work.
4. Results
We present results from our implementation of cMCF. Here are two cri-
teria to measure conformality:
(I). Angular distortion associated to each triangle, i.e. max
θ=α,β,γ
( |θ−θ′|
θ
)
where α, β, γ are the three angles in a triangle and α′, β′, γ′ are the
transformed angles. The value 0 implies no angular distortion.
(II). Deviation of the length-cross-ratio (lcr.) associated to each edge, i.e.
c′ij
cij
where the lcr. of an edge eij is defined to be cij =
`im·`jk
`mj ·`ki (as seen
in the figure below) whereas c′ij denotes the lcr. of the transformed
edge. Two meshes are conformally equivalent if and only if cij = c
′
ij
for all edges eij [12], i.e.
c′ij
cij
is equal to 1.
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In addition, we use the parameter s =
(36piV 2)
1
3
A to measure the sphericity,
where V and A are the volume and the total surface area of the mesh
respectively. Clearly, 0 ≤ s ≤ 1 and s = 1 implies that the mesh is a sphere.
We applied the cMCF on “spot”, a human brain mesh (with 65, 538 vertices
and 131, 072 faces), and a Christmas deer mesh (with 113, 780 vertices and
227, 556 faces).
s = 0.679 s = 0.839 s = 0.999
s = 0.5877 s = 0.9290 s = 0.9999
s = 0.4055 s = 0.5678
s = 0.9995
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Below are the distributions of the angular distortion (ang.) and that of
the deviation of the lcr. for the “spot” and brain models. Conformality
measurements on the deer are not valid since many triangles either shrink
to a point or collapse into a line. Their area becomes zero. Our future work
is to improve the cMCF to avoid mesh degeneracy.
spot mean µ std σ
ang. 0.0910 0.0767
clr. 1.0010 0.0441
brain mean µ std σ
ang. 0.0326 0.0207
clr. 1.0004 0.0294
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